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ABSTRACT
(Sub)millimeter dust opacities are required for converting the observable dust continuum
emission to the mass, but their values have long been uncertain, especially in disks around
young stellar objects. We propose a method to constrain the opacity κν in edge-on disks from
a characteristic optical depth τ0,ν , the density ρ0 and radius R0 at the disk outer edge through
κν = τ0,ν/(ρ0R0) where τ0,ν is inferred from the shape of the observed flux along the major
axis, ρ0 from gravitational stability considerations, and R0 from direct imaging.We applied the
1D semi-analytical model to the embedded, Class 0, HH 212 disk, which has high-resolution
data in ALMA Band 9, 7, 6, and 3 and VLA Ka band (λ=0.43, 0.85, 1.3, 2.9, and 9.1 mm).
The modeling of the HH 212 disk is extended to 2D through RADMC-3D radiative transfer
calculations. We find a dust opacity of κν ≈ 1.9×10−2, 1.3×10−2, and 4.9×10−3cm2 per gram
of gas and dust for ALMA Bands 7, 6, and 3, respectively with uncertainties dependent on
the adopted stellar mass. The inferred opacities lend support to the widely used prescription
κλ = 2.3 × 10−2(1.3mm/λ) cm2 g−1 advocated by Beckwith et al. (1990). We inferred a
temperature of ∼ 45 K at the disk outer edge which increases radially inward. It is well above
the sublimation temperatures of ices such as CO and N2, which supports the notion that the
disk chemistry cannot be completely inherited from the protostellar envelope.
Key words: opacity – circumstellar matter – ISM: individual objects: HH 212 mms – stars:
formation
1 INTRODUCTION
Disks around young stellar objects are the birthplaces of planets.
The formation and evolution of the planets depend critically on the
mass of the dust and gas in the disk. Although the disk mass can be
obtained from observations of molecules in some cases, especially
through HD (e.g. Bergin &Williams 2018), it is mostly determined
from (sub)millimeter dust continuum observations. To convert the
observed continuum flux to the mass, a dust opacity is required. The
most widely used opacity (relative to gas mass) in the literature is
the prescription (Beckwith et al. 1990):
κλ = 2.3 × 10−2
(
1.3 mm
λ
)
cm2 g−1 . (1)
? E-mail: zdl3gk@virginia.edu
If converted to dust opacity with a standard gas-to-dust mass ratio
of 100, it is well known that this opacity is well above the values
predicted for diffuse interstellar medium (Draine & Lee 1984). It
is generally accepted that the enhanced opacity comes from grain
growth in the disk (Ossenkopf &Henning 1994; see Testi et al. 2014
for a review), but the detailed properties of the grains (including their
shape, composition and size) are uncertain, making quantitative
predictions from first principles difficult. Empirical constraints of
the dust opacities in disks are therefore highly desirable. It is one of
the main goals of our investigation.
One way to constrain the dust opacity κν at a given frequency
in a disk is through the optical depth τν = κνΣ, where Σ is the
column density along a line of sight through the disk. To determine
the optical depth, it is desirable to have a disk that shows a clear
transition from faint optically thin sight lines to bright optically
© 2020 The Authors
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thick ones. The column density can be constrained from dynamical
considerations, especially gravitational stability. This is where the
HH 212 mms protostellar disk comes in.
HH 212 mms is a well studied, nearly edge-on, protostellar
system with a spectacular, symmetric bipolar jet powered by the
central Class 0 protostar IRAS 05413âĂŞ0104 (Chini et al. 1997;
Zinnecker et al. 1992, 1998). It is located in the L1630 cloud in
Orion at a distance of about 400 pc (Kounkel et al. 2017). Images
of continuum, CO, and HCO+ reveal a massive, flattened envelope
around the central source (Lee et al. 2006, 2008, 2014), leaving
little doubt that it is a very young system that is still in active
formation. One of the most important features of the HH 212 system
that make it ideal for our purposes of constraining dust opacities
is its nearly edge-on orientation and the dark lane along the disk
equatorial plane observed byLee et al. (2017b) in theAtacamaLarge
Millimeter/submillimeter Array (ALMA) Band 7 (λ = 0.85 mm,
0.02′′resolution), which demonstrated unequivocally that the disk
is optically thick along sight lines close to the center and becomes
optically thin near the outer edge. As we will show in detail in the
paper, this transition provides a quantitative handle on the optical
depth.
Another useful feature of the HH 212 system is that it has a
rather low stellar mass, estimated to be ∼ 0.2 − 0.25M (Lee et al.
2014, 2017c). The disk, on the other hand, is rather bright in dust
continuum (Lee et al. 2017b), which is indicative of a relatively large
disk mass. The combination of a relatively small stellar mass and a
relatively large disk mass makes the system prone to gravitational
instability. Indeed, Tobin et al. (2020) estimated a Toomre parameter
Q that lies between 1 and 2.5, indicating that the disk is marginally
gravitational unstable, with potential development of spiral arms
that can help redistribute angular momentum in the disk and keep
the Q parameter somewhat above unity (Kratter et al. 2010; Kratter
& Lodato 2016). Although such spirals would be difficult to detect
in HH 212 because of its edge-on orientation, they are observed
in a comparable protostellar disk, HH 111 mms (Lee et al. 2020),
which the authors argued is driven gravitationally unstable by fast
accretion from the protostellar envelope, as shown in the numerical
simulations of, e.g., Tomida et al. (2017). It is reasonable to expect
the HH 212 disk to be marginally gravitationally unstable as well,
since it is also fed by amassive infalling envelope and its stellar mass
(∼ 0.25 M) is much lower than that of HH 111 mms (∼ 1.5 M;
Lee et al. 2020), even though its disk is less bright at 0.85 mm,
but only by a factor of ∼ 3.5 (Lee et al. 2018a). The degree of
gravitational stability, as characterized by the Toomre Q parameter,
provides a handle on the disk column density, which is required for
the dust opacity determination from the optical depth.
Just as importantly, the HH 212 disk is arguably the best re-
solved Class 0 disk at multiple wavelengths. Besides existing data
in ALMA Band 7 (λ = 0.85 mm) and the Very Large Array (VLA)
Band Ka (9.1 mm; Tobin et al. 2020), we will present new high
resolution data in ALMA Band 9 (0.43 mm), Band 6 (1.3 mm) and
Band 3 (2.9 mm). Multi-wavelength data are important not only for
constraining the dust opacities at these respective wavelengths but
also for inferring the temperature distribution of this edge-on disk
along its midplane because the disk is expected to have different
opacities at different wavelengths, with their dust emission coming
from different depths into the disk along the line of sight and thus
probing the temperatures over a range of radii. The temperature
determination is important because it directly affects not only the
disk structure (through, e.g., the scale height) but also its chemistry,
particularly ices of low sublimation temperatures such as CO and
N2 (e.g. Pontoppidan et al. 2014).
The rest of the paper is organized as follows. We will first
present new high resolution dust continuum data of the HH 212
disk in ALMA Band 9, 6 and 3, together with the existing data in
ALMA Band 7 and VLA Band Ka in Section 2, with a focus on
the distributions of their brightness temperatures along the major
axis. In Section 3, we will illustrate how to use the brightness
temperature profile to constrain the dust opacity and determine the
temperature distribution along the disk midplane through a simple,
one-dimensional (1D) semi-analytical model and apply the model
to the multi-wavelength data set of the HH 212 disk. In Section
4, we extend the HH 212 mms modeling through RADMC-3D
radiative transfer calculations.We find that the (sub)-millimeter dust
opacities in the HH 212 disk are consistent with the widely used
values advocated by (Beckwith et al. 1990) and that the HH 212
disk is warmer than ∼ 45 K everywhere, including the midplane.
The implications of these and other results are discussed in Section
5. Our main conclusions are summarized in Section 6.
2 MULTI-WAVELENGTH DUST CONTINUUM
OBSERVATIONS OF HH 212 MMS
HH 212 mms (05:43:51.4107, -01:02:53.167, ICRS) was observed
by ALMA in Bands 3, 6, 7, and 9 and by the VLA at Band Ka.
Table 1 lists the observation logs and Table 2 records the calibra-
tors. The raw visibility data of each ALMA band were calibrated
using the standard reductions scripts, which uses tasks in Common
Astronomy Software Applications (CASA;McMullin et al. (2007)).
Continuum images were created from the calibrated measurement
sets with the CLEAN task and channels with line emission were
ignored. The observations are summarized in Tables 1 and 2.
ALMABand 9 (0.43mm)was observed on 2015 July 26with 2
execution blocks. The total on-source time is 44 minutes using 35 to
41 antennas with baselines of 15 to 1574.4 meters. The correlators
cover a total of 11.75 GHz. The continuum image centers on ∼691.5
GHz and uses robust parameter of +0.5. The resulting beam has a
full-wFWHM of 0.081′′ by 0.061′′ and PA of 66.5◦.
The ALMA Band 7 continuum (0.85 mm) was first published
in Lee et al. (2017b). The image combined four different executions,
two on 2015 August 29 and one on 2015 November 05 and 2015
December 03. The total baseline ranges from 15 to 16196m, while
the total observation time is 148 minutes.
ALMA Band 6 is observed on 2017 October 04. The obser-
vation time is 19 minutes using 46 antennas to span baselines of
41 to 14969m. The correlators cover 7.5 GHz with channel widths
of 976.5 KHz. The continuum image centers on ∼225.9 GHz (1.3
mm) and uses robust parameter of +0.5. The resulting beam has a
FWHM of 0.026′′ by 0.021′′ and PA of 60.3◦.
The ALMABand 3 observation was executed on 2017 October
05. The on-source time is 50minutes and 46 ofALMA12mantennas
were used with baselines from 41 to 14969m. The correlators cover
7.5 GHz in frequency with channel widths of 976.5 KHz. The
continuum image centers on ∼105.0 GHz with Briggs weighting of
a robust parameter of -0.5 when cleaning. The resulting beam has a
FWHM of 0.044′′ by 0.029′′ and a PA of -84.5◦.
Band Ka was observed by the VLA as part of the VLA/ALMA
Nascent Disk and Multiplicity (VANDAM) survey for Orion proto-
stars. HH 212 mms was observed on 2016 October 22 with the A
configuration with a time-on-source of ∼ 1 hr. The continuum was
imaged using natural weighting and multifrequency synthesis with
nterms=2 across both basebands. The resulting beam has a FWHM
of 0.062′′ by 0.055′′ and a PA of −80.8◦.
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Table 1. Observation logs for each band
Band Wavelength Time Baselines Beam Beam PA Noise Peak Iν Total Flux
(mm) (min) (m) (mas) (◦) (mJy beam−1) (mJy beam−1) (mJy)
9 0.434 44.18 15∼1574.4 81x61 66.5 3.0 100.9 1.157 ×103
7 0.851 144 15∼16196 20x18 -65.6 0.08 3.34 151.8
6 1.33 18.73 41∼14949 26x21 60.3 0.022 2.32 59.26
3 2.85 49.62 41∼14969 44x29 -84.5 0.018 1.30 10.05
Ka 9.10 57.67 793∼34425 62x55 -80.8 9.1 ×10−3 0.258 0.508
Table 2. Calibrators for each band.
Band Date Bandpass Flux Phase
Calibrator Calibrator Calibrator
9 2015-07-26 J0522-3627 J0423-013 J0607-0834
7 2015-08-29 J0607-0834 J0423-013 J0552+0313
2015-11-05 J0423-0120 J0423-0120 J0541-0211
2015-12-03 J0510+1800 J0423-0120 J0541-0211
6 2017-10-04 J0423-0120 J0423-0120 J0541-0211
3 2017-10-05 J0423-0120 J0423-0120 J0541-0211
Ka 2016-10-22 J0319+4130 J0137+3309 J0552+0313
2.1 Images
Fig. 1 shows the continuum images at the five different wavelengths
plotted in flux density Iν in mJy beam−1 and brightness temperature
Tb in Kelvin.We use the full Planck function to convert the observed
flux into the brightness temperature at each waveband, since the
Rayleigh-Jeans approximation deviates significantly at the shorter
wavelengths. All images show elongated structures which represent
the circumstellar disk described in Lee et al. (2017b) with the major
axis of the disk perpendicular to the jet (oriented 23◦ East-of-North
in the plane of sky; Lee et al. 2017a). The jet is red-shifted to the
South. The emission seen in Band 9 is the most extended compared
to the longer wavelengths. However, no detailed features are seen,
since the beam size is the largest and structures are likely not as well
resolved. The Band 7 image has a dark lane along the major axis
that is sandwiched by two brighter layers and this was interpreted
as coming from a vertical temperature gradient. The asymmetry of
the bright layers is due to inclination where the near-side of the disk
(marked by the red-shift jet) is in the southwest direction. The dark
lane seen in Band 7 is also clearly detected in Band 6. At Band
3, the dark lane is no longer as prominent and only an asymmetry
along the disk minor axis is observed. Detailed features no longer
exist in Band Ka and the disk is only a couple beams wide. The
extent of the emission is largest at the shortest wavelength (Band 9)
and decreases as the wavelength increases. Qualitatively, this trend
makes physical sense, since dust opacity decreases with increasing
wavelength, which leads to a decrease in the total optical depth (τ)
along the line of sight and thus the area in the sky where the total
optical depth is above unity.
For a more quantitative comparison of the brightness distribu-
tions at different wavelengths, we plot the brightness temperature
along the major and minor axis of the disk in Fig. 2. We take the
peak of the continuum at the VLA Ka band to be the location of
the central source (see Appendix A for details). There are three
notable features of the profile along the major axis with increasing
wavelength (Fig. 2a). First, the width of the profile (e.g., the full
width at half maximum) decreases as expected based on the images
seen above. Second, the peak of the profile increases up until Band
3 and decreases at Band Ka. Third, the Band Ka profile is more
Gaussian-like or "peaky," while in comparison, Bands 7, 6, and 3
appear to be “boxy." Explicitly, the central regions roughly plateau
at a constant brightness temperature and drops dramatically outside
the plateau with Bands 7 and 6 as the most obvious cases. Band
9 roughly shares the same plateau as Band 7 though with more
extended "wings."
Along the disk minor axis (Fig. 2b), the brightness temperature
cuts also have a decreasing profilewidthwith increasingwavelength.
Furthermore, the peak of the profile increases with increasing wave-
length except at BandKawhich is reminiscent of themajor axis cuts.
The central dip in Band 6 and 7 profiles are where the dark lane is
located with a contrast of the brightest peak to the dip of around
∼ 30% for both bands. At Band 3, the dip no longer exists and only
has a single peak shifted to the far-side of the disk. The Band Ka
profile resembles a centrally peaked Gaussian profile.
2.2 Spectral Index
We show the spectral index images between consecutive wave-
lengths in Fig. 3, defined by α ≡ ∂ ln Iν/∂ ln ν where Iν is the inten-
sity and ν is the frequency. Between each pair, the image with the
higher resolution was convolved by the CASA command imsmooth
to the same resolution as the image of lower resolution. We ignore
the regions with flux densities less than 5 times the noise.
All of the spectral index images have mostly α < 3. For the
first three pairs (from Bands 9, 7, 6, and 3; Fig. 3a, b, c), the inner
regions of the disk has α < 2. Only the Band 3 and Band Ka pair
does not have α < 2 (Fig. 3d).
The relative low values of α is interesting because for an
optically thin (τ  1) slab of isothermally emitting dust in the
Rayleigh-Jeans limit, one expects α = 2 + β where β is the opac-
ity index defined by κν ∝ νβ (e.g. Draine 2006). If the object
is not optically thin, α decreases and in the optically thick limit
(τ  1), α = 2 which is simply the frequency dependence of the
Rayleigh-Jeans tail. In this case, β cannot be directly obtained from
α. Several mechanisms can cause α < 2, such as deviation from the
Rayleigh-Jeans limit, dust scattering (Zhu et al. 2019), temperature
gradient (Galván-Madrid et al. 2018), or a combination of these
effects (Sierra & Lizano 2020; Lin et al. 2020). We will return to
a discussion of the spectral index α in Section 3.4 and the opacity
index β inferred based on modeling of the multi-wavelength dust
continuum data in Section 5.1.
3 INFERRING DUST OPACITY AND MIDPLANE
TEMPERATURE: 1D SEMI-ANALYTICAL MODEL
As discussed above and shown in Fig. 2a, there are two well-defined
trends among the three best spatially resolved wavebands (Band 7,
MNRAS 000, 1–19 (2020)
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Figure 1. The color maps depict the brightness temperature distributions
of the dust continuum emission at ALMA Bands 9 to 3 and VLA Ka band.
The color bar shows both the brightness temperature in Kelvin and the flux
density in mJy beam−1. The range of the brightness temperature is from
0 to 115 K and is the same for all 5 images. The contours are brightness
temperature levels starting from 20K (the dashed contour) in steps of 20.
The white filled ellipses in the lower right of each panel is the FWHM of
the corresponding beam.
6 and 3), namely, the brightness temperature distribution along
the major axis of the nearly edge-on disk becomes narrower and
peaks at a higher value as the wavelength increases. In this section,
we will develop a simple, approximate, semi-analytical model to
understand these trends physically and to illustrate how to use the
multi-wavelength continuum data to quantitatively constrain the
radial temperature distribution along the disk midplane and the dust
opacities at the observing wavelengths.
3.1 Qualitative Discussion
Qualitatively, it is straightforward to understand why the observed
brightness temperature distribution Tb along the major axis in the
plane of the sky can yield information about the radial distribution
of the diskmidplane temperature. The key lies in the variable optical
depth τ′ between a location inside the disk and the observer (see
Eq. 9 below). For a nearly edge-on disk such as HH 212, the line of
sight to the central star is expected to be optically thick (i.e., the total
optical depth τ  1). Most of the dust emission along this sight line
comes from near the τ′ = 1 surface (whose distance from the cen-
tral star is denoted by radius R1). The temperature at the τ′-of-one
surface, T1, should be close to the observed brightness temperature
along the same sight line, according to the Eddington-Barbier re-
lation in radiative transfer. If the radius R1 can be determined, the
temperature as a function of radius, T1(R1), would be ascertained.
The radius R1 of the τ′-of-one surface is related to the half-
widthW of the observed profile of the brightness temperature along
the major axis. The profile is determined to a large extent by the
variation of the total optical depth τ, which is much larger than
unity towards the center and close to zero towards the edge. The
half-width W is approximately the distance from the center where
τ ∼ 1: the brightness temperature should stay relatively constant
along optically thick sight lines interior to W and drop off quickly
outsideW where the sight line becomes increasingly optically thin
towards the edge. Clearly, at any given wavelength, the half-width
W depends on the dust opacity κν : the smaller the κν is, the closer
to the center the transition from optically thick to optically thin
occurs, with a smaller W (i.e., narrower Tb profile). Similarly, the
radius R1 is also controlled by κν : the smaller the κν becomes,
the closer the τ′-of-one surface is from the star, with a smaller
R1. This common dependence on dust opacity yields a relation
between R1 andW , which we will quantify below through our semi-
analytical model (see Eq. 17 below). It enables us to determine
R1 from the observed Tb profile for each waveband and thus the
radial temperature distributionT1(R1) from observations at different
wavelengths that have different dust opacities.
The dust opacity κν can be constrained from the optical depth.
For a qualitative discussion here, we can characterize the optical
depth of an edge-on disk by τ0,ν ≡ ρ0R0κν , where R0 and ρ0 are
the radius andmass density at the disk outer edge. This characteristic
optical depth controls to a large extent the shape of the brightness
temperature profile along the major axis: the larger the value of
τ0,ν is, the more boxy the profile becomes (as we demonstrate
quantitatively below in Fig. 4). In order to produce a relatively boxy
profile observed in, e.g., Band 7 (see Fig. 2a, brown curve), the
characteristic optical depth τ0,ν must be of order unity in order for
the transition from optically thick to optically thin to occur along a
sight line relatively close to the disk edge (its value will be obtained
through quantitative modeling). Since the disk radius R0 can be
estimated directly from the dust continuum images, we should be
MNRAS 000, 1–19 (2020)
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Figure 2. The cuts a long the major (Panel a) and minor (Panel b) axes in brightness temperature. The length of the geometric mean of the FWHM of the beam
is shown in the upper left hand side of Panel a.
able to constrain the dust opacity
κν =
τ0,ν
ρ0R0
(2)
if the mass density ρ0 can be constrained.
The mass density can be constrained from stability consider-
ations. As discussed in the introduction (§ 1), the HH 212 disk is
likely marginally gravitationally unstable, with Toomre Q parame-
ter of order unity (Kratter & Lodato 2016; Tobin et al. 2020). To
relate the mass density ρ0 to the Toomre Q parameter, we note that
(Toomre 1964):
Q =
csΩ
piGΣ
(3)
where cs is the isothermal sound speed, Ω is the Keplerian fre-
quency, and Σ is the surface density. We assume the gas and dust
are well-mixed. The Keplerian frequency depends on the central
star M∗ through Ω =
√
GM∗/R3 where R is the cylindrical radius.
The midplane density for a vertically isothermal disk is related to
the surface density and vertical pressure scale height by
ρ =
Σ√
2piH
, (4)
where the pressure scale height is H = cs/Ω. By utilizing Eq. (3)
for Σ in Eq. (4), we obtain
ρ =
M∗
pi
√
2piQ
R−3, (5)
which yields an expression for the mass density at the disk outer
edge
ρ0 =
M∗
pi
√
2piQ
R−30 . (6)
Substituting Eq. (6) into Eq. (2), we obtain an expression for the
dust opacity (cross-section per gram of gas and dust, not just dust)
at a given wavelength
κν =
pi
√
2piQR20
M∗
τ0,ν = 1.7×10−2Qτ0,ν
(
R0
70au
)2 ( 0.25 M
M∗
)
cm2
g
.
(7)
This expression forms the basis of our technique for inferring dust
opacity from the characteristic optical depth τ0,ν , which can be
determined from the observed brightness temperature profile, as we
illustrate with a simple semi-analytical model next.
3.2 Model Setup
To make the semi-analytical model as simple as possible, we will
make a few simplifying assumptions. First, we will assume that
the disk is viewed exactly edge-on, so that the problem becomes
one dimensional (1D), with all physical quantities depending on the
cylindrical radius R on the disk midplane; the slight deviation (by
∼ 4◦, Lee et al. 2017b) from being exactly edge-on is accounted for
in the 2D model to be discussed in Section 4. Second, we assume
that the mass density is given by Eq. (5), with a spatially constant
Toomre Q parameter. This should be a reasonable approximation
for relatively massive disks (relative to their central star) that are
marginally gravitationally unstable, as appears to be the case for
HH 212 mms (Tobin et al. 2020). It may break down for low-mass
disks that are highly gravitationally stable, withQ well above unity.
The effects of a non-constant Q are explored in Appendix C.
To cast the governing equations into a dimensionless form, we
normalize all physical quantities by their values at the outer edge of
the disk R0. In the case of mass density, we have
ρ = ρ0
(
R
R0
)−3
. (8)
The distance from the center along the projectedmidplane is denoted
by the impact parameter b, with b = 0 corresponding to the center.
The coordinate z is the distance along a line of sight where the
observer is located in z = +∞ and z = 0 corresponds to the line
perpendicular to the line of sight that passes through the origin.
For a given b, the radius at a location along the line of sight is
R =
√
b2 + z2. We define a dimensionless distance zˆ ≡ z/R0 and
impact parameter bˆ ≡ b/R0.
The optical depth τ′ν(z) from a location on the disk at a distance
z along a line of sight with impact parameter b to the observer is
MNRAS 000, 1–19 (2020)
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Figure 3. The spectral index map between consecutive wavelengths after
adopting a common resolution. The black ellipses in each panel are the
corresponding beam. The black contours show where α = 2, 2.5, and 3.
given by
τ′ν(z) =
∫ √R20−b2
z
ρκνdz (9)
=
τ0,ν
bˆ2
(√
1 − bˆ2 − zˆ√
bˆ2 + zˆ2
)
(10)
where τ0,ν ≡ ρ0κνR0 is the characteristic optical depth defined
earlier. It reflects the fact that density and opacity are degenerate
and only their product (which is proportional to the optical depth)
matters for the observed intensity.
To obtain the emergent intensity as a function of bˆ, we need to
know the temperature, which controls the source function (taken as
the Planck function). We adopt a power-law temperature profile
T = T0
(
R
R0
)−q
(11)
where T0 is the temperature at the edge of the disk. The emergent
intensity assuming black body radiation is
Iν(bˆ) = 2hν
3
c2
∫ √1−bˆ2
−
√
1−bˆ2
τ0,ν
(bˆ2 + zˆ2)3/2
e−τ′(zˆ)
exp
[
x0(bˆ2 + zˆ2)q/2
]
− 1
dzˆ
(12)
where ν is the observing frequency and x0 ≡ hν/kT0. To develop
insight, it is beneficial to first consider the Rayleigh-Jeans limit
(x0 << 1), since the brightness temperature is linearly proportional
to the intensity. In this limit, the brightness temperature of Iν nor-
malized by T0 becomes
Tˆν(bˆ) ≡ λ
2
2kT0
Iν =
∫ √1−bˆ2
−
√
1−bˆ2
τ0,ν
(bˆ2 + zˆ2)(q+3)/2 e
−τ′(zˆ)dzˆ. (13)
Obviously from Eq. (13), looking towards the edge of the disk,
bˆ→ 1, the integration drops to zero. We see that the dimensionless
brightness temperature distribution Tˆν(bˆ) is uniquely determined by
the characteristic optical depth τ0,ν for a given temperature power
index q.Wewill take advantage of this important feature whenwe fit
the multi-wavelength observations, which will allow us to constrain
the outer radius of the disk R0 and its temperature T0, which are the
scaling for the impact parameter and temperature, respectively.
The shape of the brightness temperature Tˆν(bˆ) can be char-
acterized by the impact parameter bˆ1,ν along which line of sight
the total optical depth becomes unity. It separates the the inner op-
tically thick part of the disk where the brightness temperature is
relatively constant from the outer optically thin part where it drops
to zero towards the disk edge and thus provides a measure of the
half-width of the brightness temperature profile. Using Eq. (9) and
setting τ′ν(−
√
1 − bˆ2) = 1, we can solve for the characteristic impact
parameter as:
bˆ1,ν =
√√ 2
1 +
√
1 + 1/τ20,ν
, (14)
in terms of the characteristic optical depth τ0,ν . In the limit where
τ0,ν  1, we have bˆ1,ν → 1, which means the disk becomes
optically thick along essentially all sight lines and the half-width
of the profile is fixed with those τ0,ν . In the opposite limit where
the characteristic optical depth τ0,ν  1, the characteristic impact
parameter becomes increasingly small, with bˆ1,ν →
√
2τ0,ν . In
other words, at longer wavelengths where τ0,ν decreases, the half-
width of the profile also decreases. In fact, since bˆ1 is determined by
τ0,ν which in turn depends on κν , the frequency dependence of bˆ1
is directly related to the opacity index β. The frequency dependence
can be determined by
∂ ln bˆ1
∂ ln ν
=
β
2
1
τ0,ν
√
τ20,ν + 1 + τ
2
0,ν + 1
. (15)
When τ0,ν  1, ∂ ln bˆ1∂ ln/ν → 0 which means the width of the
profile does not change with frequency and stays at bˆ1 = 1 from
Eq. (14). In the other limit, when τ0,ν  1, ∂ ln bˆ1/∂ ln ν → β/2,
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i.e., how quickly the width of the profile decreases towards longer
wavelength is half of how fast opacity decreases.
In the optically thick region interior to bˆ1,ν , we can use the
Eddington-Barbier relation to estimate the brightness temperature
from the temperature at the τ′ = 1 surface, which we denote by its
dimensionless distance along the line of sight zˆ1,ν . An analytical
expression of zˆ1,ν can also be determined from Eq. (9) at an impact
parameter of bˆ:
zˆ1,ν =
√
1 − bˆ2 − bˆ
2
τ0,ν√
1 − ( bˆ
τ0,ν
)2 + 2
τ0,ν
√
1 − bˆ2 .
(16)
When τ0,ν  1, zˆ1,ν approaches
√
1 − bˆ2, i.e., the τ′ = 1 surface
traces the very edge of the circular disk.
For a given τ0,ν , the τ′ = 1 surface along the line of sight
towards the center of the disk is located at a radius
Rˆ1,ν ≡ zˆ1,ν(bˆ = 0) = 1√
2
τ0,ν
+ 1
=
1√√
2
√√(
2
bˆ21,ν
− 1
)2
− 1 + 1
(17)
where the last equality was obtained by replacing τ0,ν with bˆ1,ν
using Eq. (14). This relation is particularly simple in two limits:
Rˆ1,ν → 1 as bˆ1,ν → 1 in the limit τ0,ν  1 (which makes sense
because the τ′ = 1 surface is located near the outer edge), and
Rˆ1,ν → bˆ1,ν2 in the limit τ0,ν  1, which means that the τ′ = 1
surface along the line of sight to the center is located at a radius
that is half of the characteristic half-width of the brightness tem-
perature profile along the disk major axis (see Fig. 5b below for an
illustration).
The relation between Rˆ1,ν and bˆ1,ν from Eq. (17) illustrates
an important conceptual point for edge-on disks — the readily ob-
servable brightness temperature distribution along the major axis
in the plane of the sky (see Fig. 2a) enables a determination of
the radius R1,ν of the τ′ = 1 surface along the line of sight to the
center, where the temperature can be estimated from the observed
brightness temperature along the same sight line.
With well-resolved observations at multiple wavelengths that
have different opacities, we should in principle be able to deter-
mine the temperatures at different τ′ = 1 surfaces at different radii
and thus the radial distribution of the temperature along the disk
midplane. We derive an analytical expression for the brightness
temperature towards the center in Appendix B and point out the
main results here. The peak brightness temperature is
Tˆν(bˆ = 0) =
(
τ0,ν
2
)−q
2 e
τ0,ν
2 Γ
(
q
2
+ 1,
τ0,ν
2
)
(18)
where Γ(a, x) =
∫ ∞
x
za−1e−zdz is the upper incomplete gamma
function. For a finite q, when τ0,ν  1, we have Tˆν(bˆ = 0) ∼
1 + q/τ0,ν which means the observed brightness temperature is
simply the temperature at the edge of the disk T0. Since Rˆ1 and
Tˆν can be determined at bˆ = 0 for different wavelengths, one can
calculate an observed temperature power-law index defined by
qobs ≡ −
∂ ln Tˆν |bˆ=0
∂ ln Rˆ1
(19)
which yields qobs ∼ q (see Appendix B for details). This demon-
strates why q can be measured for edge-on disks with multiple
wavelength observations.
3.3 Illustration of model features
The semi-analytical model for the brightness temperature distribu-
tion along the major axis of an edge-on disk is controlled by two
free parameters, the characteristic optical depth at a given frequency
τ0,ν and the power-law index of the radial temperature distribution
q. The latter can in principle be determined from the observational
data, but for illustration purposes in this subsection, we will leave
it as a free parameter and consider three representative values q =
0.25, 0.5, and 0.75. The latter two represent the expected power-
law indices for a passive disk irradiated by the stellar radiation
(q = 0.5) and an active disk heated mainly by accretion (q = 0.75).
In the top row of Fig. 4, we compare the different brightness tem-
perature profiles with three different characteristic optical depths
τ0,ν = 0.01, 0.1 and 1 for each q. Starting with Fig. 4a, the bright-
ness temperature profile in the most optically thick (τ0,ν = 1) and
most flat radial temperature distribution (q = 0.25) of the three cases
has a broad plateau where Tˆν is roughly constant. The main reason
for this feature is that the impact parameter where the total optical
depth through the (edge-on) disk becomes unity, bˆ1, is close to 1,
and thus most of the disk along the equator is optically thick. This
is illustrated more quantitatively in Fig. 5a, where the total optical
depth is plotted as a function of the impact parameter (see the blue
curve). The plateau occurs because over most of the τ′ = 1 surface
(shown as the blue curve in Fig. 4b) there is relatively little variation
in distance from the center, which corresponds to a relatively small
variation in temperature, especially for a relatively flat radial tem-
perature distribution. The combination of a large optical depth over
most sight lines and relatively flat temperature distribution explains
the “boxiness" of the profile. In the limit where τ0,ν →∞, we have
bˆ1 → 1, with the profile approaching an actual box function with
a sharp edge. A boxy profile, if observed, would provide a strong
indication of a mostly optically thick disk with a well-defined outer
edge.
As the characteristic optical depth τ0,ν decreases, which is true
at a longer wavelength where the opacity is smaller, the characteris-
tic half-width bˆ1 decreases and the outer regions of the disk become
more optically thin (compare the yellow and green curves with the
blue curve in the upper panels of Fig. 4 and in both panels of Fig. 5).
The optically thin regions do not produce much Tˆν , which is part
of the reason for the decrease in the width of the profile. Another
part is that, as τ0,ν decreases, the τ′ = 1 surface moves closer to the
center (see Fig. 5b), where the temperature is higher, which leads to
a higher peak brightness temperature along the line of sight to the
center.
Comparing across Fig. 4a, b, and c, the qualitative behaviors
are all the same regardless of the value of the temperature power-
law index q. The difference caused by the power-law index is in
the contrast of the Tˆν peak between different values of τ0,ν . For
q = 0.25, the peak Tˆν of the τ0,ν = 0.01 profile is ∼ 1.5 times the
peak Tˆν of the τν,0 = 1 profile (see Fig. 4a), whereas ratio of the
same pair for q = 0.75 is ∼ 4 times (see Fig. 4c). We can understand
this by looking at Fig. 4d, e, and f. For a given τ0,ν , the total optical
depth is the same and zˆ1,ν is also the same. With τ0,ν = 0.01 (Fig.
4d), the q = 0.75 profile has the highest peak Tˆν simply because
the temperature increased more rapidly to zˆ1,ν from T0 at the edge
(Eq. 11). For τ0,ν = 1 (Fig. 4f), the difference is less sensitive to q
because the τ′ = 1 surface is closer to the outer edge (see Fig. 5b),
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Figure 4. The normalized brightness temperature Tˆν as a function of the normalized impact parameter bˆ along the major axis of an edge-on disk from the
semi-analytical model. The top row compares the different values of τ0,ν for a given q. The vertical dotted lines mark where the optical depth becomes 1 for
each τ0,ν based on Eq. (14), or bˆ1. The bottom row compares the different values of q for a given τ0,ν . The black vertical dotted lines are bˆ1 for each τ0,ν . The
horizontal dotted lines are the brightness temperature at bˆ = 0 obtained analytically using Eq. (18) and are color coded to the corresponding q in each panel.
which reduces the sensitivity of the peak brightness temperature to
the index q.
3.4 Application to ALMA Band 7, 6 and 3 data
It is immediately clear from Fig. 4 that the above semi-analytical
model qualitatively captures the two main features of the brightness
temperature profiles observed along the major axis of the HH 212
disk at different wavelengths (shown in Fig. 2a), namely, the pro-
file becomes more centrally peaked and the peak value increases as
the wavelength increases and the corresponding optical depth drops
(see, e.g., Fig. 4b). Qualitatively, it is straightforward to see why
one can constrain the two dimensionless quantities – the tempera-
ture power-index q and the characteristic optical depth τ0,ν at that
wavelength – from the shape of the observed profile at a given wave-
length, e.g., ALMA Band 7 (shown in Fig. 7a below). For example,
the Band 7 profile is not as peaky as the τ0,ν = 0.1 profiles shown in
Fig. 4e and more similar to the τ0,ν = 1.0 profiles shown in Fig. 4f,
indicating that the value of its τ0,ν must be somewhere around 1.
In Fig. 6, we plot the profiles relative to its own peak to examine
only the shape of the profile. Both τ0,ν and q affect the shape of
a profile, but τ0,ν plays the larger role in determining the shape of
the profile given that it can vary by an order of magnitude due to
opacity. The index q mainly controls the relative peak values of the
brightness temperature at different wavelengths (that have different
values of τ0,ν), with a larger q (or a steeper radial temperature gra-
dient) yielding a larger difference in peak brightness temperature
between two wavelengths (compare, e.g., the red and blue curves in
the top panels of Fig. 4). It can be determined from the ratio of the
peak brightness temperatures at two wavelengths, such as Band 7
and 6 (shown in Fig. 7b below), after the difference in τ0,ν between
the two is taken into account. Once τ0,ν and q are determined, it
is straightforward to obtain the radius R0 and temperature T0 at the
disk outer edge, which sets the scaling for the length and brightness
temperature, respectively.
As a quantitative example, we apply the semi-analytic model
to fit the flux density profiles at Bands 7, 6, and 3. The first two
images are better spatially resolved than other Bands, while Band
3 suffers from finite resolution which we will address in a more
complete way in Section 4.We use the optimize.least_squares
from the scipy python package to find the best fit parameters. To
estimate the uncertainty of the fitted parameters, we consider only
the noise uncertainty and sample the major axis in steps of a beam
size to avoid correlated noise in the image plane. One should note
that comparisons across different observations require an additional
absolute flux uncertainty. We do not include it in the uncertainty
estimates, since it simply scales the image and does not affect the
relative points along an image profile. As described above, since the
shape of the profile is determined mainly by τ0,ν and the peak of the
profile is scaled byT0, the absolute flux uncertaintymainly affectsT0
and q and not τ0,ν . In Fig. 7, we show the noise uncertainty by a dark
shaded region and a lighter shaded region to show the uncertainty
including a 10% absolute flux uncertainty added in quadrature with
the noise. We ignore regions with emission less than 5 times the
noise uncertainty. To produce the model fits, we calculate Eq. (12)
and convolve the profile with a Gaussian beam to include effects of
finite resolution in 1D. A distance of 400 pc is assumed. The the
fitted values and its uncertainty are listed in Table 3.
Fig. 7 show the fitted profiles compared to the Bands 7, 6 and
3 observations in brightness temperature using the Planck func-
tion. We see that the model can reproduce the key characteristics,
including the peak, width, and shape, fairly well.
To further illustrate the relation between the profile and the
temperature, we show the resulting temperature structure in the
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Figure 5. Panel (a) shows the total optical depth τ along the normalized
impact parameter bˆ for different values of τ0,ν . The horizontal dashed line
marks where τ = 1. The vertical dotted lines are bˆ1. Panel (b) shows the
location of the τ′ = 1 surfaces for different values of τ0,ν as viewed from
zˆ → ∞. The dotted circle denotes the edge of the disk. The horizontal
dotted line is where zˆ = 0 and the vertical dotted line is where bˆ = 0. The
vertical dashed lines are ±bˆ1 color coded to the corresponding τ0,ν . The
corresponding horizontal dashed lines are Rˆ1. We specifically mark the bˆ1,ν
and Rˆ1,ν for τ0,ν = 0.1 as an example. Recall that bˆ1,ν → 2Rˆ1,ν when
τ0,ν << 1 based on Eq. (17).
midplane and the τ′ = 1 surface traced at each wavelength in Fig. 8.
One can clearly see that the τ′ = 1 surfaces near b = 0 are nearly
circular which produces the signature flat plateau. Furthermore, the
region within ∼ 20 au of the disk remains un-probed because the
disk is optically thick even at Band 3.
The best fit parameters in Table 3 make physical sense. For
example, the best fit characteristic optical depth for Band 7 is τ0,B7 ≈
0.9, which indeed lies around 1, as anticipated above based on the
Figure 6. The normalized brightness temperature Tˆν relative to its own
peak for the same combinations of τ0,ν and q in Fig. 4. The profiles with
τ0,ν = 1, 0.1, and 0.01 are plotted in solid, dashed, and dashed-dotted lines.
The blue, orange, and green lines correspond to q = 0.25, 0.5, and 0.75. The
black dotted vertical lines are bˆ1 for each τ0,ν .
Parameter Variable Best fit value
Disk Outer Radius [au] R0 68.7 ± 0.6
Temperature at R0 [K] T0 45.2 ± 0.7
Temperature Power-law Index q 0.77 ± 0.02
Characteristic Optical Depths τ0,B7 0.90 ± 0.06
τ0,B6 0.52 ± 0.02
τ0,B3 0.20 ± 0.01
Table 3. The best fit values for Bands 7, 6, and 3 using the semi-analytical
model. The uncertainty is estimated by considering noise.
shape of its brightness temperature profile. Since Band 6 and Band
3 have more peaky brightness temperature profiles, it should have
a smaller τ0,ν , which is indeed the case (τ0,B6 ≈ 0.52 and τ0,B3 ≈
0.20). The corresponding τ′ = 1 surfaces are located, respectively,
at radii R1,B7 ∼ 0.56R0, R1,B6 ∼ 0.45R0, and R1,B3 ∼ 0.30R0 along
the line of sight to the center, where the dust temperature should
be close to the observed peak brightness temperature of Tb,B7 =
67K, Tb,B6 = 78K, and Tb,B3 = 103K, respectively. The expected
temperature power-law index is then (lnTb,ν − lnTb,ν)/(ln R1,ν −
ln R1,ν) ∼ 0.7, which is indeed close to the best fit value of ∼ 0.77.
Extrapolating the power-law to the disk outer edge R0 yields an
expected temperature of ∼ 40K, which is close to the best fit value
of 45K. In addition, the model fits yield a well-defined disk radius
of 0.17 arcsec, corresponding to ∼ 69 au for an adopted distance of
400 pc.
With the disk radius R0 and the characteristic optical depth
τ1,ν at a given wavelength determined, one can put a constraint on
the dust opacity κν using Eq. (7). From the best fit values, we infer
a dust opacity of κν ∼ 1.5 × 10−2Q(0.25 M/M∗) cm2/g for Band
7 (λ = 0.85 mm), 8.7 × 10−3Q(0.25 M/M∗) cm2/g for Band 6
(1.3 mm), and 3.4×10−3Q(0.25M/M∗) cm2/g for Band 3 (3mm).
The constraints on dust opacities will be discussed in more detail in
Section 5.1 below.
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Figure 7. The brightness temperature using the Planck function along the disk major axis comparing the semi-analytical model and Bands 7 (panel a), 6 (panel
b), and 3 (panel c) observations. The black solid line is the observations and the shaded regions are the adopted uncertainties for the noise (darker shade) and
absolute flux calibration (lighter shade) respectively. The orange line is the model result. The vertical dotted lines are ±bˆ1,ν determined from Eq. (14) scaled
to the fitted R0.
Figure 8. The midplane temperature structure derived from fitting the
major axis cuts using the 1D semi-analytical model. The color scale is the
temperature in Kelvin. The white contours show the temperature at 50, 70,
90, 120, and 160 Kelvin. The τ′ = 1 surface traced by Bands 7, 6, and 3 (as
viewed by an observer located at z = ∞) are plotted in black solid, dashed,
and dash-dotted lines.
4 2D MODELING OF MULTI-WAVELENGTH DUST
EMISSION
The one-dimensional (1D) semi-analytical model in the last sec-
tion provided a simple way to understand the major features of the
brightness temperature distribution along the major axis and to use
the profiles to infer the disk properties, including the existence and
radius of an outer edge, a temperature gradient, and dust opacities
at different wavelengths. There are, however, two limitations to this
approach. First, it assumed that the disk is perfectly edge-on, with
the line of sight lying on the disk midplane. While this is a rea-
sonable first approximation, it is not strictly valid because the disk
inclination angle is estimated to be i ≈ 86◦ (Lee et al. 2017b). The
deviation from exact edge-on orientation is crucial for explaining
the pronounced asymmetry in brightness observed in Band 7 and
6, and to a lesser extent, Band 3 above and below the equatorial
plane (see Fig. 1). Second, it assumed that the disk is well resolved
vertically, which is likely appropriate for Band 7 and 6, but less so
for other Bands where the lower resolution can lead to blending of
the dust emission from the hotter surface layers with that from the
cooler midplane.
To account for both the disk inclination and the smearing ef-
fects of the finite telescope beam, we need to prescribe the vertical
structure of the disk in addition to the midplane structure first de-
scribed in Section 3. We will perform two dimensional (2D) radia-
tive transfer modeling of the multi-wavelength dust emission using
RADMC-3D1. The modeling of both the major axis and minor
axis cuts provides a rare opportunity to constrain the disk vertical
temperature gradient.
4.1 Disk Model
We assume that the disk is axisymmetric and adopt a cylindrical
coordinate system (R, z). We assume the vertical distribution of gas
is in hydrostatic equilibrium, so that
∂P
∂z
= −ρ GM∗
R2 + z2
z√
R2 + z2
(20)
where P is the pressure related to density by P = ρc2s . The isother-
mal sound speed, cs , is determined by the temperature structure
cs =
√
kT
µmp
(21)
where µmp is the mean molecular weight. Eq. (20) can be reorga-
nized to explicitly calculate the vertical variation of density
∂ ln ρ
∂z
= − ∂ lnT
∂z
− 1
c2s
GM∗z
(R2 + z2)3/2 , (22)
while the midplane density is prescribed as Eq. (8) as in the semi-
analytical model. We assume that the dust is well-mixed with the
gas and thus the vertical dust distribution is obtained.
For the temperature distribution, we will adopt simple param-
eterization and use the multi-wavelength dust continuum observa-
tions to constrain the free parameters in the distribution. We adopt
a profile for the midplane temperature, Tmid(R) and another profile
1 http://www.ita.uni-heidelberg.de/~dullemond/software/
radmc-3d/
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for the temperature in the atmosphere near the disk surface, Tatm:
Tmid = T0,mid
(
R
R0
)−qmid
(23)
Tatm = T0,atm
(
r
R0
)−qatm
(24)
where r =
√
R2 + z2 is the spherical radius. The temperature transi-
tions from themidplane temperature to the atmospheric temperature
by
T(R, z) =
{
Tatm + (Tmid − Tatm) cos2δ
(
piz
2Rhs
)
if z/R < hs
Tatm if z/R ≥ hs
(25)
where hs is the dimensionless height where the temperature be-
comes fully described by Tatm and δ is the sharpness of the tran-
sition, i.e., a small δ means a gradual transition and vice versa
(e.g. Dartois et al. 2003; Rosenfeld et al. 2013). Since δ and hs
are correlated, we fix δ = 2 and for simplicity, we keep hs radially
independent to limit the number of free parameters.
The dust opacity is determined from the characteristic optical
depth τ0,ν ≡ κνρ0R0 defined in Section 3, which is a free parameter
for each of the wavelengths. After producing the model images, we
convolve them with matching FWHMGaussian beams from the ob-
servations. We fit Bands 7, 6, and 3 only as in Section 3. We ignored
Band 9, because it is contaminated by the envelope emission (that is
not included in the model) due to the large telescope beam and high
dust opacity at the (shortest) wavelength. We chose not to include
Band Ka, because the free-free contamination could be substantial
(up to 20% of the total flux based on the empirical estimate in Ty-
choniec et al. 2018). To accurately incorporate the thermal emission
from Band Ka would require high-resolution multi-wavelength ob-
servations at longer wavelengths to remove the free-free emission,
which we hope to do in the near future through an approved VLA
program.
4.2 Results
We find the best fit parameters by fitting the major and minor axis
cuts with the same method described in Section 3.4. The best fit
parameters are shown in Table 4.We plot the brightness temperature
of the convolved major and minor axes cuts in Fig. 9 to compare
to the observations. Across all three wavelengths, the convolved
models can broadly reproduce the observations. To understand the
effects of finite resolution, we also show the non-convolved model.
We will first examine the minor axis cuts, then discuss how the
major axis cuts are affected by considering the inclined 2D model.
In Fig. 2b, we showed the brightness temperature along the
minor axis of the disk at multiple wavelengths. The key features
that need to be explained are the asymmetric double peak, the width
of the profile, and thewavelength dependence of the profiles (i.e., the
width decreases and the peak increaseswith increasingwavelength).
To understand the minor axis cuts, we plot the inferred meridian
temperature structure in Fig. 10a with the τ′ = 1 surfaces of the
three wavelengths as seen by an observer. The τ′ = 1 surfaces are
only plotted for line of sights with total optical depths larger than 1.
Similar to the midplane case (Fig. 5a), the τ′ = 1 surface for shorter
wavelengths trace the outer regions, since the opacity is higher, or
equivalently, τ0,ν is larger. With decreasing τ0,ν , the width of the
minor axis profile decreases, since the region of the disk seen by the
observer that is optically thick becomes smaller, which is similar to
the major axis case in Section 3.
The characteristic optical depth τ0,ν determines the width of
the minor axis profile, or specifically, the extent of the τ′ = 1 sur-
face seen by the observer given a vertical density distribution. The
vertical density distribution itself though is determined by the stel-
lar mass and the vertical temperature structure through the vertical
hydrostatic equilibrium. With a larger stellar mass or lower tem-
perature, the material is more confined to the midplane and thus
decreases the width of the profile for a given τ0,ν .
The double-peaked profile of the minor axis cuts is caused by
vertical temperature gradient seen by the observer in the near-side
of the disk (x > 0). In Fig. 10a, the τ′ = 1 surface traces the
colder midplane near the center of the profile and the warmer atmo-
sphere near the outer wings. The central dip thus corresponds to the
midplane temperature and the peaks correspond to the atmospheric
temperature of the near side of the disk. Beyond the two peaks of the
minor axis profile, the τ′ = 1 surface happens in the far side of the
disk (x < 0), which means the near side is optically thin for those
line of sights, and thus the outer wings depend on the tenuous at-
mosphere. The distance between the two peaks is determined by hs
and τ0,ν . With larger hs , the vertical location where the warm Tatm
occurs increases (hsR; see Eq. (25)) and thus increases the distance
between the two peaks. On the other hand, when τ0,ν increases, the
τ′ = 1 surface moves outward to where hsR is larger.
The asymmetry of the double peak is due to the inclination,
since the τ′ = 1 surface above the midplane (y > 0 in Fig. 10a)
reaches a smaller radii where the temperature is higher, whereas
the τ′ = 1 surface below the midplane (y < 0) reaches a larger
radii. Since the brightness temperature profile at one wavelength is
determined by the temperature traced by a τ′ = 1 surface and the
location of the τ′ = 1 surface is determined by τ0,ν , the brightness
temperatures at multiple wavelengths measures the atmospheric
temperature at multiple locations, analogous to the major axis cuts.
Thus, with R0 mainly determined by the major axis cuts, one can
determine T0,atm from the values of the brightness temperature and
qatm by using multiple wavelength.
For the major axis cuts, the model produces the same behavior
we have discussed from the semi-analytical model, e.g., a decrease
in profile width with smaller τ0,ν , an increase in peak brightness
temperature, and the change in “boxiness." This is expected since
the inclination is nearly 90◦. There are slight differences between
the results from the 1D semi-analytical model and that from the
major axis cuts of the 2D model that affect the best fit parameters.
First, finite spatial resolution averages the dark lane and
brighter atmospheric regions. The central peak of the convolved
model is larger than that of the non-convolved model, because the
emission from the hotter atmosphere is mixed into the midplane.
Second, by including inclination, the plateau region of the profile for
the ALMA Bands becomes more peaky. This is because the region
that is traced by the τ′ = 1 surface is slightly above the midplane
where the temperature is higher (see the line of sight, black dotted
line, in Fig. 10a).
Since beam averaging and inclination makes the major axis
cuts more peaky, the τ0,ν at Bands 7, 6, and 3 found from the 2D
model are higher than those derived from the semi-analytical model
in order to produce flatter intrinsic profiles that match the observed
ones after the beam averaging and inclination effects. Thus, the τ0,ν
from the semi-analytical model serves as a lower limit. Additionally,
the resolved double peak feature along the minor axis for Bands 7
and 6 also requires higher τ0,ν than what was obtained in the 1D
case. The τ0,ν found from the 2D model is thus constrained by
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Parameter Variable Value
Stellar mass [M] M∗ 0.25
Inclination [◦] i 86
Disk Edge [au] R0 66.0 ± 0.8
Midplane temperature at R0 [K] T0,mid 45 ± 2
Midplane temperature power-law index qmid 0.75 ± 0.09
Atmospheric temperature at R0 [K] T0,atm 59 ± 5
Atmospheric temperature power-law index qatm 0.89 ± 0.07
Dimensionless height where Tatm begins hs 0.6 ± 0.3
sharpness of the transition δ 2
Characteristic Optical Depths τ0,B7 1.2 ± 0.1
τ0,B6 0.85 ± 0.07
τ0,B3 0.32 ± 0.04
Table 4. The best fit values for the 2D model.
both the major and minor axes which the semi-analytical model
did not consider. Since the temperature structure is constrained by
the brightness temperature profiles both in the major and minor
axes with an uncertainty of ∼ 10% for the absolute flux uncertainty
and the stellar mass is measured from the gas kinematics with
an uncertainty of ∼ 20% (Lee et al. 2017c), the vertical density
distribution and thus τ0,ν is likely constrained to within 30% as a
conservative estimate of the systemic uncertainty.
From the best fit parameters, we calculate the spectral index
between consecutive wavelengths using the beam size of the lower
angular image as was done for the observed spectral index images.
Fig. 11 show the spectral index from the best fit model compared
to the measured spectral index along the major axis. The model can
indeed reproduce the same level of α which lends support that the
low spectral index (α < 2) is due to the temperature gradient.
In Fig. 12, we plot the convolved model images. Though the
major and minor axes fit the data quantitatively, there appears to
be discrepancies in the general two-dimensional morphology es-
pecially for Bands 7 and 6 images. At the outer boundaries of the
disk (e.g. the 20K contour), the extent of the model images is more
rectangular than the observations (which resembles more like a
“football"). Lee et al. (2017b) proposed that the scale height of the
disk decreases with radius beyond R ∼ 36 ± 8au towards the edge
though the physical explanation is still unknown. One possibility is
that the infalling material from the envelope collides with the sur-
face of the outer edge and thus provides an additional ram pressure
to decrease the dust scale height (see e.g., Fig. 19 of Li et al. 2014).
More refined disk models including the potential dynamical effects
of the envelope accretion are needed to resolve this discrepancy.
5 DISCUSSION
5.1 Support for the Beckwith et al. opacity prescription
One of our most important results is the constraint on the dust
opacity κν . As discussed in the introduction, the dust opacity is
important because it is the key to convert the observed flux of dust
emission to the mass. In our proposed new method, it is determined
from the characteristic optical depth τ0,ν (see Eq. (7)), which is in
turn determined mostly from the shape of the observed brightness
temperature profile along the major axis (see Fig. 6). The opacity
(per gram of gas and dust, not just dust) is plotted in Fig. 13a
as a function of wavelength for ALMA Band 7, 6, and 3 for the
fiducial values of the Toomre parameter Q = 1 and stellar mass
M∗ = 0.25 M . The noise uncertainty is shown as a dark shaded
region. The absolute uncertainties are dominated by Q and M∗,
which enter the opacity determination through κν ∝ Q/M∗. In
particular, if the HH 212 is marginally gravitationally unstable, Q
can be as large as 2.5 (Kratter et al. 2010), which would increase the
opacity by a factor of 2.5 over the fiducial value. Since the stellar
mass is determined to M∗ = 0.25± 0.05M (Lee et al. 2017c), the
opacity can vary by a factor of 20%. The range of κν due the range
of Q and M∗ is shown in the lighter shaded regions in Fig. 13a.
For comparison, we plot in Fig. 13a the widely used dust opac-
ity prescription advocated by Beckwith et al. (1990) for young star
disks: κν = 0.1(ν/1012Hz)β cm2 g−1 with β = 1, or equivalently
κλ = 2.3 × 10−2(1.3mm/λ) cm2 g−1. The reference opacity of
2.3 × 10−2 cm2 g−1 at 1.3 mm (shown as open circle in Fig. 13a)
is remarkably close to, but about a factor of 1.8 times larger than,
the minimum opacity of 1.3 × 10−2 cm2 g−1 (corresponding to
Q = 1) that we inferred at the same wavelength (ALMA Band
6). Just as remarkably, the opacity index that we inferred for the
(millimeter/submillimeter) ALMA Bands, β = 1.06 ± 0.15 (noise
uncertainty), is very close to that advocated by Beckwith et al.
(1990). We view these agreements as an independent confirmation
of the Beckwith et al. (1990)’s prescription, which corresponds to
a Toomre parameter of Q ≈ 1.8 for the HH 212 disk, a value that is
quite reasonable for amarginally gravitational unstable disk (Kratter
et al. 2010; Kratter & Lodato 2016).
Another oft-used dust opacity is that computed by Ossenkopf
& Henning (1994). For grains coated with thin ice-mantles that
evolved for 105 years at a gas number density of 106 cm3 that is most
commonly used in the literature (e.g. Tychoniec et al. 2018), they
obtained an opacity of 8.99 × 10−3 cm2 g−1 at 1.3 mm (assuming
a gas-to-dust mass ratio of 100; open square with a dashed line in
Fig. 13a), which is a factor of 1.5 below our inferredminimum value
at the same wavelength. We do not favor this value of opacity, since
it would formally imply a Toomre parameter of Q ≈ 0.7 for the
HH 212 disk, which is less physically justifiable (Kratter & Lodato
2016). The opacity of the same dust model, but calculated for a gas
number density of 108 cm3 lies just within our range of uncertainty
due to Q and M∗. However, the same Ossenkopf & Henning model
predicts a spectral index of β ≈ 1.7 between 0.7 and 1.3 mm, which
is steeper than what we inferred between the three ALMA bands
(β ≈ 1.1). The disagreement is perhaps not too surprising because
the Ossenkopf & Henning (1994) opacity is formally computed for
dense cores of molecular clouds where the grains are expected to
be smaller than those in the disks studied by Beckwith et al. (1990)
and in this paper.
5.2 Implications of the Inferred Dust Opacities
The physical origin of the (sub)millimeter opacity prescription ad-
vocated by Beckwith et al. (1990) and supported by our work re-
mains uncertain. It is well known that it cannot be reproduced by
small (sub-micron) grains of diffuse interstellar medium (e.g.Wein-
gartner & Draine 2001), which under-predicts the value κ1.3mm at
the reference wavelength of 1.3 mm by an order of magnitude and
over-predicts the opacity index (with β ∼ 2 rather than∼ 1; see, e.g.,
Fig. 3 of Andrews et al. (2009) for an illustration). The relatively
low value of β ∼ 1 at (sub)millimeter wavelengths is often inter-
preted as evidence for large, mm or even cm-sized grains (Draine
2006; see Testi et al. 2014 for a review). Grain growth would also
increase κ1.3mm over the diffuse ISM value, making it more com-
patible with that advocated by Beckwith et al. (1990). If this is true,
our inferred opacities and opacity indices between ALMA Bands
7, 6, and 3 would imply that the grains in the HH 212 protostellar
disk have already grown to mm/cm-sizes, despite its extreme youth,
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Figure 9. The brightness temperature along the major (left column) and minor (right column) axes of the disk. The solid black lines are the observations with
the shaded regions representing the uncertainties associated with noise (darker shade) and absolute flux calibration (lighter shade), respectively. The dashed
red lines are the model results before convolution, while the solid red lines are results after convolution. The cuts at different wavelengths go from top (Band
7) to bottom (Band Ka).
Figure 10. Panel a: the best-fit temperature distribution in the meridian plane (color map), with white contours of 70, 90, 120, and 200 K respectively. Positive
x is closer to the observer and the white dotted line marks the midplane. The τ′ = 1 surfaces for Bands 7, 6, and 3 are plotted in black solid, dashed, and
dash-dotted lines. The black dotted straight line represents the line of sight that crosses through the position of the central source. Panel b: the fitted temperature
profiles as a function of spherical radius. Tmid 1D is the temperature from the semi-analytical model. The midplane (Tmid 2D) and atmospheric (Tatm 2D)
profiles for the 2D model using Eq. (23) and Eq. (24). The temperature along the black dotted line of sight in Panel a is plotted as a black dotted line (LOS).
The black filled circles are the temperature at the τ′ = 1 surfaces of the three wavelengths that crosses the line of sight.
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Figure 11. Spectral index between Bands 7 and 6 (panel a) and between
Bands 6 and 3 (panel b). The black solid line is the measured value with
the dark shaded region as the uncertainty due to noise and the light shaded
region as the uncertainty from a 10% absolute flux uncertainty. The orange
line is the spectral index from the best fit model.
as indicated by the short stellar growth time (stellar mass divided
by the mass accretion rate) of ∼ 3 × 104 years (Lee et al. 2014).
It would indicate that the (presumably) small grains landed on the
disk from the massive infalling envelope are rapidly transformed
into mm/cm sizes (sometimes loosely referred to as astrophysical
“pebbles"), which would facilitate early planet formation in deeply
embedded disks. However, we note that both the opacity κν and the
opacity index β can be strongly affected by the shape of the grains
and particularly their fluffiness (Wright 1987), which are not well
determined observationally.
Independent constraints on the grain size can in principle come
from disk polarization through dust self-scattering (Kataoka et al.
2015). Linear polarization was indeed detected in the HH 212 disk
at ∼ 1% level in ALMA Band 7, with the polarization (electric)
vectors oriented roughly along the minor axis (Lee et al. 2018a).
The pattern is consistent with that expected from scattering-induced
polarization in an inclined disk (Yang et al. 2016), although mag-
netically aligned grains cannot be ruled out as an explanation (Lee
et al. 2018a). In addition, the optimal grain sizes for producing
scattering-induced polarization at ALMA Band 7 tend to be of or-
der 0.1 mm, whereas a relatively low value of β typically requires
mm/cm-sized grains, although both depend on the shapes and opti-
cal properties of the grains. Detailed modeling including both dust
emission and scattering is required to determine whether there is
any combination of grain sizes, shapes and optical properties that
can simultaneously explain the multi-wavelength continuum obser-
vations (and the opacities and opacity indices inferred from them)
Figure 12. The multi-wavelength images from the model convolved by a
beam size of the corresponding observations shown as white filled ellipses
in the lower right of each panel. The colormap is plotted in brightness
temperature. The contours are brightness temperature levels starting from
20K (the dashed contour) in steps of 20.
and the polarization data in the HH 212 disk. It is beyond the scope
of this paper.
5.3 Implications of a Warm Phase Early in Disk Formation
and Evolution
Besides dust opacity, another interesting finding of our paper is that
the HH 212 disk is rather warm. It has a midplane temperature of ∼
45Knear the disk outer edge at a radius of∼ 70 au. The temperature
increases to ∼ 70, ∼ 75 and ∼ 100 K at the τ′-of-one surfaces for
ALMA Band 7, 6 and 3, which are located at a radius of 40, 35
and 25 au, respectively. The temperature is even higher near the
disk surface, in order to produce the striking “hamburger-shaped"
morphology with a dark lane sandwiched by two brighter layers that
is observed in Band 7 and 6. It is therefore reasonable to conclude
that the temperature is well above the sublimation temperature of
CO ice (∼ 20 K) everywhere in this early disk2, which should
have strong implications for the disk chemistry. The situation is
2 The higher temperature in the HH 212 disk compared to typical Class II
disks is not too surprising because it has a rather high luminosity (∼ 10 L),
a massive envelope which can heat up the disk through back warming, and
a much higher mass accretion rate (∼ 5 × 10−6 M yr−1, Lee et al. 2014)
which can provide a much stronger accretion heating. There are, however,
uncertainties in the structure of the system, particularly its envelope and
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Figure 13. Dust opacities (absorption cross section per gram of gas and dust) inferred in the HH 212 protostellar disk as a function of wavelength at ALMA
Band 7, 6 and 3. The lighter shaded region denotes the estimated uncertainties associated with the Toomre Q parameter and the stellar mass M∗. The darker
shaded region shows the estimated uncertainties due to noise and assumes Q = 1 and M∗ = 0.25M . The open circle is the Beckwith et al. (1990) opacity
at 1.3 mm with a black solid line segment to show its adopted β = 1. The open squares are opacities from Ossenkopf & Henning (1994) at 1 and 1.3 mm
assuming a gas-to-dust mass ratio of 100. The open squares with a solid black line is for dust with an MRN distribution with thin ice mantles for a gas number
density of 108 cm−3, while the open squares with a dashed black line is for a gas number density of 106 cm−3.
similar to, but more extreme than, another deeply embedded, nearly
edge-on, protostellar disk L1527, where van ’t Hoff et al. (2018)
inferred a disk midplane temperature of ∼ 30 K on the 50 au scale
from molecular lines. As stressed by these authors (and others, e.g.,
Harsono et al. 2015), one implication of the rather high temperature
would be that the chemical composition of the disk may not be
entirely inherited from the molecular cloud core, because the ices
of low sublimation temperatures (such as CO and N2) inherited
from the collapsing core are expected to sublimate, causing an at
least partial reset of the chemistry (e.g. Pontoppidan et al. 2014).
A warm phase early in the formation and evolution of disks
indicated by our observations and analysis of HH 212 mms also has
implications for the timing of the onset of CO depletion from the gas
phase that is widely inferred in older protoplanetary disks (Bergin
& Williams 2018). We do not expect such large CO depletion in
young warm HH 212-like disks, for two reasons. First, without a
cold midplane where CO can condense onto the grain surface, it
would difficult to remove the CO from the warmer gas layers by
vertical mixing (Kama et al. 2016; Krijt et al. 2018). Second, the
inferred disk temperature of ∼ 45 K (or higher) is also well above
the optimal temperature of ∼ 20 − 30 K found by Bosman et al.
(2018) for efficient chemical depletion of the CO; in particular,
chemical depletion of CO by hydrogenation on the grain surface to
form species such as CH3OH would not work efficiently. Whether
this expectation is met or not is important but remains to be deter-
mined (Lee et al. 2017c, 2019). If so, it would support a transition
outflow cavity, that make a first principle calculation of the disk temperature
difficult. It is beyond the scope of this paper.
to a CO-depleted disk somewhere between late Class 0 phase (as
represented by HH 212 mms and possibly L1527) and early Class II
phase, as indicated by the recent observations of Zhang et al. (2020)
and, furthermore, that the transition may happen as a result of the
reformation of the CO freeze-out region near the midplane as the
disk cools down with time.
5.4 No Vertical Dust Settling Required in the HH 212 Disk
A dust grain elevated above the dust midplane experiences the grav-
itational pull of the central star in the vertical direction and is thus
expected to settle towards the midplane of the disk over time. This
expectation is confirmed observationally in a number of evolved,
Class II disks, such as IM Lup and 2MASS J16281370-2431391
(“the Flying Saucer"). For IM Lup, the image observed at mil-
limeter with ALMA (e.g. Andrews et al. 2018) shows a fairly flat
disk with clear spirals, while the image observed in scattered light
with the Spectro-Polarimetric High-contrast Exoplanet REsearch
(SPHERE) on the Very Large Telescope array (VLT) in optical
shows a disk surface composed of smaller grains that is well above
the midplane (Avenhaus et al. 2018). For the “Flying Saucer," mod-
eling the millimeter-sized dust grains in Guilloteau et al. (2016)
shows a dust scale height that is roughly half the scale height of
micron-sized dust grains seen in infrared (Grosso et al. 2003) and
also of the gas (Dutrey et al. 2017). This settling of large grains
into a thin sub-layer within the disk is thought to play a crucial role
in planet formation (e.g. Dubrulle et al. 1995; Dullemond & Do-
minik 2004; Testi et al. 2014). The timing of the onset of significant
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dust settling in the process of disk formation and evolution remains,
however, uncertain.
The dust in the young, deeply embedded HH 212 disk does not
appear to be settled. From fitting the data with an axisymmetric disk
in hydro-static equilibrium, we find that dust settling is not required
to approximate the resolved images in Band 7, 6, and 3 along the
minor axis. In particular, the dust disk still needs to be optically
thick in the atmosphere to trace the vertical temperature gradient
and create the double peak which is difficult if dust is settled like
Class II disks. The lack of dust settling is not too surprising since the
HH 212 disk is still receiving from the massive infalling envelope
dust grains (and gas) that are presumably relatively small and the age
of the system, estimated to be roughly 3×104 years (Lee et al. 2014),
may be too short for the grains to grow large enough for significant
dust settling to occur. In addition, the inferred high mass accretion
rate (of order ∼ 5 × 10−6 M yr−1, Lee et al. 2014) may require
a high level of turbulence, which may make the dust settling more
difficult, although the mass accretion can also be driven by a disk-
wind, forwhich there is some tantalizing evidence (Lee et al. 2018b).
The level of turbulence can potentially be constrained by molecular
line observations, particularly using ALMA in the upcoming Band
1 which is expected to be mostly optically thin. In any case, if the
dust has yet to settle in the HH 212 disk, it would point to significant
dust settling happening some time between the late Class 0 phase
(represented by HH 212 mms) and Class II phase, similar to the
onset of CO depletion discussed above. The transition may happen
due to a combination of a longer time for grains to grow and settle
and disks becoming less turbulent over time, which is consistent
with the trend of decreasing mass accretion rate with time (e.g. Yen
et al. 2017).
6 CONCLUSIONS
We presented high-resolution multi-wavelength ALMA and VLA
dust continuum observations of the nearly edge-on Class 0 disk HH
212 mms and modeled the data quantitatively. Our main results are
as follows:
1) New ALMA dust continuum images at Bands 9, 6, and 3 are pre-
sentedwith angular resolutions of∼70, 23, and 36mas, respectively.
The shortest wavelength Band 9 emission traces both the disk and
the envelope. The dark lane along the disk midplane first resolved
in previous Band 7 observations is well resolved at Band 6 as well,
but less so at Band 3. The disk remains unresolved at the longest
wavelength of the VLA Band Ka, which has a resolution of ∼58
mas. For the best resolved ALMA Bands 7, 6 and 3, we find a clear
trend that, as the wavelength increases, the brightness temperature
profile along the major axis becomes narrower, with a higher peak
value towards the center (see Fig. 2). In addition, the spectral indices
between adjacent wavebands have values below 3 over most of the
disk, with unusually low α < 2 in the central part between ALMA
bands.
2) We developed a simple 1D semi-analytical model to illustrate how
to use the observed brightness temperature (Tb) profile along the
major axis of an edge-on disk to determine its midplane temperature
as a function of radius and the dust opacity κν . From the degree of
peakiness of the Tb profile one can infer the dimensionless char-
acteristic optical depth τ0,ν = ρ0R0κν (where ρ0 and R0 are the
density and radius at the disk outer edge), which controls the loca-
tion of the sight line where the fainter optically thin outer part of the
disk transitions to the brighter inner part (see Fig 5). From the peak
brightness along the optically thick sight line towards the center, one
can infer the temperature at the τ′-of-one surface, whose distance
from the origin (i.e., radius) is mostly controlled by τ0,ν . Gravi-
tational stability considerations put an upper limit on ρ0 which,
combined with the observationally inferred characteristic optical
depth τ0,ν and disk outer radius R0, yields a lower limit on the dust
opacity κν . We find that the unusually low spectral index of α < 2
observed in the central part of the HH 212 disk can naturally be
explained by the inferred temperature increase towards the center,
because the longer wavelength probes a warmer region closer to the
origin.
3) Building on the 1D semi-analytical model, we numerically fitted
the multi-wavelength dust continuum observations of the HH 212
disk in two dimensions, accounting for a small deviation from exact
edge-on orientation and telescope beam convolution that blends
the emission from the disk surface and midplane. We inferred a
temperature of T0 ≈ 45 K at the disk outer edge R0 ≈ 70 au,
which increases radially inward roughly as T(R) ∝ R−0.75 along
the midplane and vertically away from the midplane. We inferred
a characteristic optical depth of τ0,ν of ∼ 1.2, 0.85, and 0.30 for
ALMA Band 7, 6, and 3 (see Table 4), corresponding to a dust
opacity (per gram of gas and dust) of κν ∼ 1.9 × 10−2, 1.3 × 10−2,
and 4.9× 10−3×Q(0.25M/M∗) cm2 g−1, respectively, where Q is
the Toorme parameter and M∗ the stellar mass.
4) Our inferred dust opacities lend support to the widely used pre-
scription κλ = 2.3 × 10−2(1.3mm/λ) cm2 g−1 advocated by Beck-
with et al. (1990). It corresponds to a Toomre parameter ofQ ≈ 1.8
for the HH 212 disk, which is physically reasonable for a marginally
gravitationally unstable disk. Our inferred disk temperature of
∼ 45 K and more is well above the sublimation temperatures of
ices such as CO and N2, which supports the notion that the disk
chemistry cannot be completely inherited from the protostellar en-
velope. The relatively high temperature also makes it difficult to
deplete CO from the gas phase in the early, deeply embedded stage
of disk formation and evolution either physically through freeze-out
or chemically. In addition, no dust settling is required in fitting the
multi-wavelength HH 212 dust continuum data, indicating that the
grains accreted from the massive envelope have yet to grow large
enough or the fast accreting disk is too turbulent for the dust to settle
or both.
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APPENDIX A: DISK CENTER
The central location of the disk, ideally the location of the star,
is necessary to compare across different wavelengths which are
observed at different times. However, for edge-on disks, the star
is hidden making it difficult to locate the exact center. We utilize
the Band 7 high angular resolution shown in this paper (on 2015
November when the longest baseline was used) and the Band 7
image observed in 2017 December. After convolving the higher
resolution image tomatch resolution of the other image,we calculate
the shift in position that minimizes the squared sum of the difference
between the two images. We find a proper motion of ∼ 0.5,−2 mas
yr−1 in RA and Dec. After correcting for proper motion, we adopt
the peak of the image observed at Band Ka as the center.
APPENDIX B: DERIVATIONS FOR PEAK BRIGHTNESS
TEMPERATURE AND OTHER PROPERTIES
In Section 3, we derived the brightness temperature normalized by
T0 in the Rayleigh-Jeans limit as Eq. (13). A simple relation exists
for the peak brightness temperature and we demonstrate how the
temperature gradient q can be approximated by the peak brightness
temperature across multiple wavelengths.
With bˆ→ 0, the optical depth τ′ (in normalized coordinates)
becomes
τ′(zˆ) = τ0,ν
bˆ2
1 +
1
2
(
bˆ
zˆ
)2
− 1
2
bˆ2 − sgn(zˆ)√
1 +
(
bˆ
zˆ
)2 (B1)
where sgn is the sign function. For the optical depth to stay finite at
bˆ = 0, we are restricted to sgn(zˆ) = 1. Physically, it means the far
half of the disk (zˆ < 0) is not seen at all which is expected since the
midplane density becomes infinitely high as zˆ → 0 and blocks all
emission from the far half. We thus obtain
τ′(zˆ) = τ0,ν
2
(
1
zˆ2
− 1
)
, zˆ > 0 (B2)
which is the same as simply integrating Eq. (9) assuming zˆ > 0:
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τ′(zˆ) = τ0,ν
∫ 1
zˆ
zˆ−3dzˆ. With τ′ determined from Eq. (B2), the peak
brightness temperature is
Tˆν(bˆ = 0) =
∫ 1
0
τ0,ν
zˆ(q+3)
exp
[
− τ0,ν
2
(
1
zˆ2
− 1
)]
dzˆ (B3)
where
√
zˆ2 is replaced by zˆ for this integration range. We make a
change in variable by defining
u ≡
(
τ0,ν
2
)
zˆ−2 (B4)
and thus the relation to dzˆ is
du = −τ0,ν zˆ−3dzˆ (B5)
integrating from ∞ to τ0,ν/2. By replacing all occurrences of zˆ by
u in Eq. (B3) and organizing, we have
Tˆν(bˆ = 0) =
(
τ0,ν
2
)−q
2 e
τ0,ν
2
∫ ∞
τ0,ν/2
u
q
2 e−udu (B6)
=
(
τ0,ν
2
)−q
2 e
τ0,ν
2 Γ
(
q
2
+ 1,
τ0,ν
2
)
(B7)
which is what is presented in the Section 3.
There are two properties of the upper incomplete gamma func-
tion Γ(a, x). It has an asymptotic behavior for x → ∞ and fixed a:
Γ(a, x) ∼ xa−1e−x
[
1 +
a − 1
x
+
(a − 1)(a − 2)
x2
+ ...
]
(B8)
and the derivative with respect to x is expressed by:
∂Γ(a, x)
∂x
= −xa−1e−x (B9)
which we will use to obtain qobs and α.
Since Rˆ1 and Tˆν can be determined at bˆ = 0 for different
wavelengths, we can relate an empirical temperature gradient by
Eq. (19) and yield
qobs = q + τ0,ν
[
q
2
+ (1 + τ0,ν)
[ ( τ0,ν
2
)q/2
e−τ0,ν/2
Γ
(
q
2
+ 1,
τ0,ν
2
) − 1] ] . (B10)
When τ0,ν  1, the Γ(a, x) function in the denominator is a positive
finite value of ∼ 1 and thus one can see that qobs → q. Additionally,
when τ0,ν  1, qobs → q also. Numerical calculations show that
qobs slightly deviates from q by ∼ 0.1 when τ0,ν ∼ 1.
Using the same peak brightness temperature, we can quantify
how the spectral index α is related to q in the Rayleigh-Jeans limit.
With the spectral index α and the opacity index β defined in Section
2.2 and using Eq. (13), we obtain
α = 2 + β
∂ ln Tˆν |bˆ=0
∂ ln τ0,ν
(B11)
= 2 + β
[
− q
2
+
τ0,ν
2
−
(
τ0,ν
2
)1+q/2
e−τ0,ν/2
Γ
(
q
2
+ 1,
τ0,ν
2
) ] . (B12)
When τ0,ν  1, we have α→ 2+ βq(q/2− 1)/τ0,ν which suggests
that α is approximately 2 even when there is a temperature gradient.
This is mainly because Rˆ1 remains roughly constant at 1 in this limit
and one is comparing layers of very similar temperature at different
frequencies. Thus, α only retrieves the frequency dependence of the
Rayleigh-Jeans tail. When τ0,ν  1, α → 2 + β(−q/2 + τ0,ν/2),
i.e., α is always less than 2 by ∼ βq/2 given typical values of β
and q for disks. This relation also demonstrates that the temperature
gradient q and opacity index β are degenerate in determining the
amount of α less than 2.
APPENDIX C: NON-CONSTANT Q DISK
In Section 3, we have provided a semi-analytical model using a
density power index p = 3. Here we explore other cases where p =
0, 1, and 2 to see the effects. In other words, midplane density profile
is not as steep as the constant Q scenario. Q decreases as Rp−3 and
reaches 1 at the edge of the disk. The optical depth along a line of
sight presented in Eq. (9) is the following for each of the cases:
τ′(zˆ) = τ0,ν
[
arcsinh
(√
1 − bˆ2
|bˆ|
)
− arcsinh
(
zˆ
|bˆ|
)]
for p = 1
(C1)
=
τ0,ν
bˆ
[
arctan
(√
1 − bˆ2
bˆ
)
− arctan
(
zˆ
bˆ
)]
for p = 2 .
(C2)
Once τ′(zˆ) is known, the emergent intensity using the Planck func-
tion is
Iν(bˆ) = 2hν
3
c2
∫ √1−bˆ2
−
√
1−bˆ2
τ0,ν
(bˆ2 + zˆ2)p/2
e−τ′(zˆ)
exp
[
x0(bˆ2 + zˆ2)q/2
]
− 1
dzˆ
(C3)
which corresponds to Eq. (12). Likewise, the brightness temperature
in the Rayleigh-Jeans limit and normalized by T0 is
Tˆ =
∫ √1−bˆ2
−
√
1−bˆ2
τ0,ν
(bˆ2 + zˆ2)(q+p)/2 e
−τ′(zˆ)dzˆ (C4)
which corresponds to Eq. (13).
As a demonstration, we fit the Band 7, 6, and 3 profiles using
the same procedure in Section 3 for each of the cases. The fitted
parameters are shown in Table C1 and the parameters from Table
3 for the p = 3 case are repeated here for ease of comparison. The
resulting profiles are compared to observations in Fig. C1. For the
p = 1 case at Band 6 and 3, there is an evident sharper peak in the
center. Since the density is less steep, the τ′ = 1 surface reaches
a smaller radius where the temperature is higher. Towards the side
of the profile, the drop is sharper for p = 1 and more gradual for
p = 2. This is because the contrast of the optical depth near bˆ = 1
and that near bˆ = 0 is smaller for small p. For the center to obtain
a plateau, the optical depth near bˆ = 0 has to be high and thus the
optical depth is also high near bˆ = 1 for small p until it reaches the
edge dropping off sharply.
The edge of the disk R0 for all three cases lie within 60 to 70
au, since the value is dictated by direct imaging. T0 for all cases lie
above 45 K and increases partly because R0 decreases for smaller
p. The temperature power-law index varies from 0.5 to 0.7 for p
ranging from 1 to 3. The largest change resides in τ0,ν , since τ0,ν
is determined by the shape of the profile and different cases of p
produces only certain shapes. Based on the shape of the fits, it is
unlikely that p would be as shallow as 1 and fits with p = 2 and 3
yield results that differ by no more than a factor of 2.
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Dust Opacities and Temperature of HH 212 Disk 19
Figure C1. The brightness temperature along the major axis at Bands 7, 6, and 3 (from left to right) for different cases of p (from top to down). The black
solid lines are the observations with the noise uncertainty plotted as the dark shaded region and the uncertainty including 10% flux calibration uncertainty as
the light shaded region. The orange solid line is the best fit model result.
p 1 2 3
R0 61.9 ± 0.2 67.3 ± 0.3 68.7 ± 0.6
T0 53.8 ± 0.6 47.3 ± 0.6 45.2 ± 0.7
q 0.53 ± 0.02 0.67 ± 0.02 0.77 ± 0.02
τ0,B7 1.80 ± 0.09 1.24 ± 0.06 0.90 ± 0.06
τ0,B6 1.30 ± 0.04 0.76 ± 0.02 0.52 ± 0.02
τ0,B3 0.70 ± 0.03 0.36 ± 0.02 0.20 ± 0.01
Table C1. Best fit parameters for various cases of p
This paper has been typeset from a TEX/LATEX file prepared by the author.
MNRAS 000, 1–19 (2020)
